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The formulas of the preceding section hence remain valid; it is only necessary to
assume K(— ®),) = 1 therein, For example, evaluating the functions

Dy*%(—2) =2, K¥(—2) =g /5, C= — T[4 Val™?

according to (1. 46),(2.1),(1.47), and substituting them into (1. 49), we obtain the known
formula for the indentation of a flat circular die into an elastic half-space

up = r(1 — o) [4n G}

The normal stress distribution under the die is also found easily from (1. 44)

1 Q Tr3dv T S rSdy

%:—W'L 4 VKt () =i V= y cos (1/2mv) T (2 4+ 22) T (Yo — 1/av) =
=T o kp (O)=—._ T
21 kgo(”) €O 2nYt—r

In conclusion, the author is grateful to Ia. S, Ufliand for discussing the research, and
for useful remarks,
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TORSION OF A TRUNCATED HYPERBOLOID
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Some torsional problems are investigated which can be solved in ellipsoidal coordinates
using the Mehler-Fock transformation, specially generalized for the case of an incom-
plete interval, The proof of the relevant inversion formula is given,

1, Formulation of the problem and its general solution, Letus
consider the torsion of a two-sheeted hyperboloid of revolution, truncated at its top by
an ellipsoidal surface, In degenerate ellipsoidal coordinates

r=c shasinp, z = c chacosf (1.1)

the body which we consider occupies the region delineated by o, < @ << 00,0 << B < Bor
If the single component of an elastic displacement v = u,{(a,p) is taken as the basic
unknown function, the problem is reduced to solving the equation [1]
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Av —r 2p=20 (1.2)
with certain boundary conditions on the surfaces & = ajand f = Bo.
In the case when these conditions are uniform for @ = a,, two classes of problems
have to be considered:
a) cross section @ = a,is fixed, i. e,
U(a(]v B) = O

b) when a = «,, shear stresses

a ( v /] ( v
Ge=Crgrly)=0 o grlgz)=0
do not exist,
It is assumed that either displacement v or stress
Gsinl 0 v -
Tgy = -5 W(xs_inﬁ) , h=c¢ VSh"fl—f-SlnzB
on the surface of the hyperboloid B = B are prescribed.
Here G is the shear modulus and % is the Lame coefficient.
These problems can be also formulated in terms of stress function ® = r2w, where
Aw — 4r 2w = 0 (1.3)

In this version function @ itself may be considered known on all those surface regions
for which the stress is specified ; if the displacements are specified, normal derivative
of this function may be regarded as known,

We shall now consider a more general problem which consists of finding the solution
for the following equation (*) :

Au —m¥r 2 u =0, 1<r,<az<{oo, 0<P<B (1.4)
z=cha, z,=rchaoy m=0,1,2,...
with the boundary conditions

N

(Au—{-B %)x:xo=o, (ku 4-L%>8:60=f(z) (1.5)

Separation of variables in (1. 4) yields particular solutions of the following form [2]:
u, (2, B) =[MP] ‘z)+ NQ,” (z)] P, (cosB) (1.6)

Applying the boundary conditions fora == «, and allowing for the results obtained in
[3] we find w,=C My, P (cosB) W= —12+it, T2>0)

y, = [4Q," (z0) + BQ™ ()] P,” (z) — [AP," (xo) - BP," (z9] Q" (&)  (1.7)

Hence, the solution of the problem is of the following form:

w(a, B)=\ €@y, P" (cosB)dr (1.8)
5

Making now use of boundary condition (1. 5) for§ = P, we obtain an expansion of the
form

*) Dirichlet and Neumann problems can be reduced to analogous problems when there
is no axial symmetry ; similarly the boundary value problems of heat conduction in the
considered region, etc.
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j@=\ D@y, @dr (1.9)
0

from which we have to determine the unknown quantity
D (t) = C (v) [KP,™ (cos Bo) — Lsin BoP,™ (cos Bo)] (1.10)

Expansion (1, 9) is a generalization of the Mehler -Fock transformation for the case
of an incompiete interval and of boundary conditions of the third kind (*) . In Sect, 2
of the present paper we shall prove the following inversion formula (cf, (2.11)):

T (2 + iT—m) (—1)™ ¢ th ¢ |
PO =TT 7+ m) (407 @0 1+ BQ” @9 P if e e

which provides the final solution of our problem,

In torsional problems which can be solved by means of function v it is obviously
necessary to take m = 1,while B == 0 in the case (a) and 4 = ch ay¢cs ch? ay, B = ~1
in the case (b).

The problems in which stress function @ is used correspond to the case when m = 2.
Let us also note that if the boundary conditions for @ = &, are inhomogeneous, formula
(1.11) may be applied to find the solution by the method of integral transformations
(cf., for instance, [6]).

2, Proof of the inversion formula, Theorem. Let f(z)be a specified
function, defined in the interval (z,, oc) and satisfying the following conditions :
1°. Function f(z) is precise continuous and its variation is bounded in the open
interval (z,, oc);
2°, |f@) |z *lnz & L(z,, o)
Under these conditions the following expansion is valid:

olf(z — 0) + fz + O)] = (o> 1, v=—1;+ i)
‘ moo Tth nty, (7) T (Y2 4 it—m) &
= § [4Q,™ (e + BQ,” (@) | L Gt irm) " ;f ®Ould eb

Aand B are here real numbers of different signs.
The following estimates for z > x, are required to prove the theorem:

(22— 1) "™ T (m 4 372)
(z4+1™ TR

<O(l)ch mrz 2 lnz (2.2)
| QT (@ | Schat | QT (@) |+ Yeshax | PTy (@) | <<O (1) chnvz ™ Inz  (2.3)
ly, (@) <O()ck2ntz Iz (2.4)

l PTl/zﬂt (I) l < Ch v P.l/2 (1) <

These estimates are obtained from the integral representations [7]

(—H)™ V2 1y . * costTidt
P:n-/,+i-r @ = V= T <m =+ —2~> = —1)™2ch m§ m

*) Papers [3~5] dealt with similar expansion series in the case of boundary conditions
of the first kind,
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o

ki3
—H™ . 1) chtt dt e ¥ dt
(7)) = = (2 — 1 /er‘(m "“){S"'—“—‘*“——-h S'"——*—*“—-—-!
_/2+’l.( ) -'/2ﬂ ( ) + P ) (x__cOs t)m_r]/z 18 1170 (z+ch t)m*lﬂ j

of the relations

. 1 ‘ me
P™ (z) =Va—i PP la) + 1 P (2)

, 1
A @) == AT+ Q" @)
and estimates
| AQ™ (zo) + BQ™ (zo) | <chntO(1), |AP™ (z0) + BP (o) | < ch 70 (1)
Let us consider now the integral
o Tthavy, @ M)  T@ptit—m)
J (Ty z) = (-‘l} § l Ava (30) + BQT' (xo) IZ r (1/2 -4 it -+ m)

dt 2.9
where -
Mm=\716v6da (2.6)

Integral M(t)is a continuous function since the integrand is piecewise continuous with

respect to E, continuous with respect to 7, and the following majorant estimate applies:
[e o]

Vrovele<iiioons ngeos @.7)
Xo Xy
Using the method developed in [5] it can be shown that

AQ™ (zo) + BQ,™ (z)) =0 when Rev>1/

We may,therefore, change the order of integration in the iterated integral (2, 5) and

write J (T, z) as o
J(T, x) =(—~1)m3 fE)G (2, &, T)dE (2.8)
T 0
° T th vy, (2) ¥, (€) T(etit—m) _
Gt ) za\ 107 @) £ BQ @) F TOatitm ™ =9

Allowing for the fact that the integrand in (2, 9) is even with respect to 7, introducing
a new variable it = p and taking into account the following relations [2]:

atgnp Py (3= Q% ., (1) —QpLy, (9), wtgmpPRls, (3) = QT (3) — Qfly, (2)

we obtain

iT
1 PRy, (@) y (€) T (a4 p—m) J 5 10
G=z,§, T)= S AQ 1/2(x0)+3 p-X/,(zU)F(1/2+P+m) p (x >E) (2.10)
iT
i, B) Ypoy, () T
Gz 8 I =27 Q 2 &) Vo Crtp—m 4 €

AQ, (z0) + BQL s (z0) T (o F P+ m)

Since the singularities of function T'(*/, - p — m) at points p = m — Yy, m — 3/5,.,/;
are cancelled by the zeros of function y,_,;,, the integrand in G(z, &, ) is regular with
respect to p in half-plane Rep > 0. Hence, integration over a section of the imaginary
axis can he replaced by integration (essentially, we apply here the method developed
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in [8]) over half-circle I'y where p = T¢*® and | @ | << Yy,
Using the asymptotic representations given in [9] for spherical functions when

[pl=oco, larg p ISy = .\t 2.41
Qo (ch ) =ty ) et +0aply O
P . _(__1__. 1, e*[1 4+ Vchao ~1 ie~P* [1 -1
oy @) = (5 )7 (P [+ VER0O (P[] £ie™ [1+0( p )]
we can derive, after some calculations, more generalized formulas
1 n Y.
QP (ch) = (—™ ™K i) e P 1 40 1o ) (242)

m-1/,

PPy (ch 9) = e (¢ [ 4 VGO (|21 i (— O™ P4 + 01 p D)) (2.43)

m* 1 o n PA
Oy, ehe) = g (i (e e o) s
o pm+‘fg
Py i (cha) = m{e’“ [+ Veha0(lp ] £i (=)™ e [1 4 0(jp] )]y
Then for z > ¢ (219)
G(z,8,T)= ..._...__{_:1..).’."__ S (e P@-T) (_i)k e~ PEt1-ag) +
v 2ni Vshashy o
+ PO V10 (|p[) +ePEHI0 (| p ) 4P 0 (| p Iy dp =
4 (—1)"  [sinT (@ —71) (1 % 8in T (d 41— 2ay)
=% Vsbasmy| o—=1 YV airy—m, Tt
+ VR0 () J1+0(1) T2+ 0 (1) .rs} (2.18)
where 0
when B=10
z=cha, E=chy, zo=cha,, k={1 when B0
T n1—e
1<\ e < -5 (2.07)

e
b i
M=a—T, h=at+71—20, \=a-+71

In the case of € > z,1i.e. 1 > @, it is necessary to change from & toy and from v
to a in (2,16), Hence, (2, 8) is then written out as
-4
7T, 2= ()™ f ch)sh 16 (=, 5, T dr +
dg
[oo]
+ (=™ B Msh1G (2, & Ddr =L+ 1o (219
&
We split the integration interval in integral I, into intervals (o, o — 68} and (& — &, a)
and choose first a sufficiently small § and then a sufficiently great . From the Diri-
chlet theorem, allowing for conditions 1° and 2°, we have for T — oo the following

expressions : a~B Y, s
shy\7=sin 7' (x — 1)
{ renn(GE) 8 lE=D 4 - )

Ko



334 N, A, Belova and Ia, S, Ufliand

1 p hvy \'/2sin 7 (@ —
:TS f(ChT)<:h;.) smafx Y gy =14t (cha—0) +o(1)
a—B

dy=o0(1)

¢ shy \"* sin T (& + 1 — 2%)
Sf(ChT)(sha) at+1—2a

aS_;, [1(ch7)] ( Z:Z)leijv—(;—i(;n dy =o(1)
= shy \¥24 — g TG

§ 11 el FTamg -0
Gao

5 v 1) e ar =0y

c hy\Ve 4 _ g-T(2+)
(17 nn (5r) LT-{E—JF;)Ldr:ow-x)

Thus, when T — oo I, = Y,f(z — 0). In a similar manner it can be shown that
lim I, = ¥/, f(z + O)when T ~» oo; this proves expansion (2, 1),

8. Example, Let us consider a truncated hyperboloid adhering in the area @ = &,
to an immobile rigid stamp and subjected to torsion by shear stresses 1g,, == F(x) applied
to the surface f = B,. Boundary conditions for the displacement v(a, B) have in this case

the following form:
¢ Vsh?a 4-sin? B,

7] v

?lamae =" 33 i |gp, = M= G sinBo F () (3.1)
The solution of this problem is given by the formula
[0
v == 5 C (1) Pl (cosB)y, (z)dT (3.2)
0

where dn the basis of (1, 7),(1.10) and (1.11)
Y, (2) = Q} () P (z) — Pl (z0) Q} (2), v=To +in (3.3)

[o0]

g f@)y,(z)yshady  (3.4)

.
Xo

T sin Bo th it

(v2 4 Ya) [sin?BoP,}" (cos o) - o8 Bo P! (cos Bo)]

In particular, when a linear load of intensity ¢ is applied to the circumference a = a*,
the integral in (3, 4) can be calculated and its value is
gsha*
GsinB %
The final solution is given by a single quadrature (3, 2).

C(T):

(cha*)
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CONTACT PROBLEM FOR AN ELASTIC HALF~-PLANE AND
A SEMI-INFINITE ELASTIC ROD ADHERING TO IT

PMM Vol, 34, N2, 1970, pp.354~-359

V. L, VOROB'EV and G, 1a, POPOV
(Odessa)
(Received June 26, 1969)

The problem which will be considered is as follows, An elastic semi-infinite rod having
constant cross section F is glued (or welded) to the side of an elastic semi-infinite plate

P=f F having thickness % (see Fig.1). At
I\ s an arbitrary distance & from the
g ] g end-face of the rod a unit force is

~

[ ) 4 applied in the direction of the rod
4 axis, The contact shear stress T4(x)
z % and the normal stress o,(z) in an
z arbitrary cross section of the rod
Fig, 1 are to be found, assuming that the
rod is not subjected to any bending
moments (normal contact stress is not taken into account), A similar problem for an

infinite rod was solved in [1], The case of a semi-infinite rod was considered in [2, 3];
in [2] an approximate solution was given, while in [3] an exact solution was obtained
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